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Abstract
In this paper we study Yangians of sl(n|m) superalgebras. We derive the universal
R-matrix and evaluate it on the fundamental representation obtaining the standard
Yang R-matrix with unitary dressing factors. For m = 0, we directly recover up
to a CDD factor the well-known S-matrices for relativistic integrable models with
su(n) symmetry. Hence, the universal R-matrix found provides an abstract plug-in
formula, which leads to results obeying fundamental physical constraints: crossing
symmetry, unitrarity and the Yang-Baxter equation. This implies that the Yangian
double unifies all desired symmetries into one algebraic structure. In particular, our
analysis is valid in the case of sl(n|n), where one has to extend the algebra by an
additional generator leading to the algebra gl(n|n). We find two-parameter families
of scalar factors in this case and provide a detailed study for gl(1|1).
1
1 Introduction
Yangians are important algebraic structures arising in many integrable models, such
as XXX spin chains, the Hubbard model [1] or integrable field theories (see e.g.
the reviews [2]- [3]). They are infinite-dimensional extensions of traditional Lie al-
gebra symmetries and are generally associated with integrable models where the
two-particle scattering matrix is a rational function depending on the difference of
the particles’ rapidities. More recently, it has been shown that the Yangian is also a
symmetry of the planar AdS/CFT correspondence [4]- [5], at least at leading order
in perturbation theory and hence also of the asymptotic S-matrix [6]. Interestingly,
this S-matrix is not of difference form in this case, as the underlying Lie algebra
is centrally extended, and the eigenvalues of the central charges are related to the
rapidity u in a non-trivial way.
The mathematical reason why Yangians are related to rational S-matrices is the
fact that the former possess a universal R-matrix, which can be constructed via the
quantum double method. This was done explicitly for the Yangians based on simple
Lie algebras in [7]. The Yangian is hence quasi-triangular, and the resulting R- and S-
matrices on representations are thus guaranteed to satisfy the Yang-Baxter equation.
In the physics literature Yangians have often been used to fix the matrix structure
of R- and S-matrices.
A distinctive feature of the Yangian is the antipode map, which corresponds to
charge conjugation of the particles. This implies that the Yangian must also possess
some information about the dressing factor of S-matrices on representations.
In this paper we show that, upon a carefully chosen modification of the Cartan-
part of the universal R-matrix, one can recover the complete S-matrix of the su(n)×
su(n) Principal Chiral Field [8,9], or, up to a CDD factor, S-matrices of other su(n)
integrable models, such as the su(n) Gross-Neveu model. We evaluate the whole
matrix structure of the universal R-matrix recovering the expected Yang R-matrix,
which is proportional to R = 1 + 1uP, with P being the permutation operator. Such
explicit evaluation can be seen as a test on the ordering of the root part of the
universal R-matrix, which, to our knowledge, has not been proved rigorously yet.
The advantage of our approach is that we provide a plug-in formula for the universal
R-matrix, so we do not need to explicitly solve the Yang-Baxter equation and the
crossing equation. Indeed, quasi-triangularity of the Double Yangian guarantees
these to be satisfied. We note that the universal R-matrices of [7] do not lead to
unitary R-matrices, but still capture the essential Gamma functions of the scalar
factor. This is related to the fact that different, inequivalent prescriptions used for
diagonalisation of the Cartan part lead to quasi-triangular R-matrices, and only some
of them respect unitarity.
Our analysis remains valid for all Yangians based on the simple Lie superalgebras
sl(n|m), and the results for su(n) are merely a special case. We also study the non-
simple sl(n|n) algebras, which are interesting from the physics point of view. The
quantum double and the universal R-matrix require an extension of the algebra to
gl(n|n). In this way we generalise the results of [10] for gl(2|2) which are of relevance
for the AdS/CFT correspondence.
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On the fundamental representation we find that the R-matrix is, as expected,
proportional to the generalisation of Yang’s R-matrix,
R = R¯0(u)
(
u
u+ 1
+
1
u+ 1
P
)
, (1)
where P is now the graded permutation operator. The non-unitary dressing factor
for n 6= m is very similar to that of sl(n)
R¯0(u) =
Γ
(
1−u
n−m
)
Γ
(
u
n−m
)
Γ
(
− un−m
)
Γ
(
u+1
n−m
) , n 6= m. (2)
It depends on n and m only via the difference n−m, which coincides with the dual
Coxeter number of sl(n|m). Hence, we find that the dressing factor of sl(n|m) is the
same as the one of sl(n − m). Interestingly, this formula is also valid in the case
n = m±1, when the ratio of the Gamma functions actually degenerates to a rational
function. We note that the Yangian and universal R-matrix in the case sl(n|m),
n 6= m have been discussed in [12]. However, we could not find in this paper several
details necessary for the evaluation of the universal R-matrix on representations, such
as normalisation constants, shifts in the spectral parameter as well as the conventions
regarding fermionic generators. Furthermore, it seems necessary to correct some of
the Serre relations, see [11].
For n = m, there is some freedom in the definition of Y(gl(n|n)) since gl(n|n) pos-
sess a one-dimensional centre as well as a one-dimensional external automorphism.
In particular, one can rescale the automorphism and add a multiple of the central
element to it without modifying the commutation relations. Even though all such
choices of rescaling and shift give isomorphic Yangians, they lead to different dressing
factors of the R-matrix on representations. Note that this case shows the power of
the universal R-matrix approach, as we can calculate R-matrices with their dressing
factors without direct reference to any underlying crossing equation. Indeed, the an-
tipode acts on the simple components of the gl(n|n) Yangian trivially and superficially
one is lacking a precise derivation of a crossing equation. However, the antipode acts
non-trivially on the outer automorphism of gl(n|n) and shifts it by µn, where µ is the
parameter related to the rescaling of the automorphism. Hence, we conjecture the
generalised crossing equation for gl(n|n) to be of the form S(u)S(µn− u) = h(u, µ),
where h(u, µ) is a rational function. We have found evidence that this conjecture is
accurate in the simplest case of gl(1|1). Physical models with sl(n|n) symmetry are
often special and the complicated dressing factors found might lead to interesting
and rich physics.
Our paper is organised as follows. We begin by recalling the definition of the
sl(n|m) Lie algebras in section 2 as well as the necessary extension to gl(n|n) in the
case n = m. In section 3 we define the Yangian of sl(n|m) and gl(n|n). We will
mostly use Drinfeld’s second realisation, which is suitable for the construction of the
universal R-matrix as done in section 4. Finally, we evaluate the universal R-matrix
in section 5. We delegate the technical discussion of the q-deformed Cartan matrices
and their inverses to Appendix A. In Appendix B we evaluate the R-matrix for
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Figure 1: The distinguished Dynkin diagram of sl(n|m).
some of the non-distinguished Dynkin diagrams and conjecture that the R-matrix is
unaffected by the choice of the simple roots.
2 sl(n|m) Lie superalgebras
2.1 The special linear superalgebra sl(n|m)
Let us start by giving the definition of the Lie superalgebra sl(n|m). Its distinguished
Dynkin diagram is presented in Figure 1. The corresponding symmetric Cartan
matrix is given by
Asl(n|m) =

2 −1 0 . . .
−1 2 −1 . . .
... 0
0 . . .
. . . −1 0
... . . . −1 2 −1
0 . . . 0 −1 0 1 0 . . .
1 −2 1 0 . . .
0 1 −2 1 . . .
0
...
. . . 1
0 . . . 1 −2

. (3)
The symmetric Cartan matrix can also be written as (Asl(n|m))i,j = (αi, αj), i.e.
it describes the scalar product of the simple roots αi. It is related to the usual,
unsymmetric Cartan matrix A˜gl(n|m) (see e.g. [13]) by (A˜gl(n|m))i,j = (∆A
sl(n|m))i,j ,
where ∆ is a diagonal Matrix with the first n diagonal entries being 1 and the last
m− 1 being equal to −1.
The corresponding Chevalley-Serre generators Hi,E
±
i , i = 1, . . . , n+m−1, satisfy
the usual commutation relations
[Hi,Hj ] = 0,
[Hi,E
±
j ] = ±A
sl(n|m)
ij E
±
j ,
[E+i ,E
−
j } = δijHi , (4)
and the following further identities(
adE±i
)1+|(Asl(n|m))ij |
(E±j ) = 0,
{[E±n ,E
±
n−1], [E
±
n ,E
±
n+1]} = 0. (5)
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Whereas the first identity has the same structure as the usual Serre relation for simple
Lie algebras, the second one is particular for Lie superalgebras of type sl(n|m), see
e.g. [14]. For simplicity, we will refer to relations (5) as Serre relations. In the
distinguished basis E±n are odd (fermionic) generators, while all other generators are
even (bosonic). We will use the following notation
(adX) (Y) := [X,Y} := XY− (−1)
|X||Y|YX ,
[X,Y] := XY−YX ,
{X,Y} := XY+YX ,
{X,Y] := XY+ (−1)|X||Y|YX . (6)
In the case of sl(n|n) the Cartan matrix is degenerate and the algebra is not simple.
Indeed, the Cartan generator
C := H1 + 2H2 + · · ·+ (n− 1)Hn−1 + nHn + (n − 1)Hn+1 + · · ·+ H2n−1 (7)
corresponding to the zero eigenvalue of the Cartan matrix is central. To obtain
a simple Lie algebra psl(n|n) one needs to divide out this one dimensional centre.
However, psl(n|n) does not have the fundamental matrix representation required by
physical applications. Furthermore, it does not possess a non-degenerate invariant
bilinear form. Since the corresponding derived algebra is again sl(n|n), the central
element has vanishing inner product with any other generator. To overcome this
obstacle we need to extend the algebra by its external automorphism H2n, which
acts on the remaining Chevalley generators as follows:
[H2n,Hj ] = 0,
[H2n,E
±
n ] = ±µE
±
n ,
[H2n,E
±
j ] = 0, j 6= n. (8)
This results in the extended non-degenerate symmetric Cartan matrix
Agl(n|n) =

2 −1 0 . . . . . . . . . . . . . . . . . . 0
−1 2 −1 0 . . . . . . . . . . . . . . .
...
0
. . .
. . . −1 0 . . . . . . . . . . . .
...
... . . . −1 2 −1
. . . . . . . . . . . . 0
0 . . . 0 −1 0 1 0 . . . . . . µ
... . . . . . . . . . 1 −2 1 0 . . . 0
... . . . . . . . . . 0 1 −2 1
. . .
...
... . . . . . . . . .
... . . .
. . .
. . . 1
...
... . . . . . . . . . 0 . . . . . . 1 −2 0
0 . . . . . . 0 µ 0 . . . . . . 0 λµ

.
(9)
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In principal, λ and µ can be arbitrary complex numbers. This is related to the fact
that sl(n|n) is an ideal in gl(n|n), i.e. the generator H2n does not appear on the right-
hand side of commutators of sl(n|n). Hence, one can rescale or add a multiple of the
central element to H2n without qualitatively changing the commutation relations. A
canonical choice for these constants is given by λ = 0 and µ = 1. The resulting
algebra is the algebra of all 2n × 2n supermatrices, gl(n|n). In this paper we will
always work with gl(n|n) in the case n = m.
2.2 Fundamental Representation
Let us briefly discuss the well-known fundamental representation for the generators
of gl(n|m). We consider a graded n+m dimensional vector space. The even and odd
subspaces are spanned by the vectors Vj with j = 1, . . . , n and j = n+ 1, . . . , n+m
respectively. The standard realisation of these is simply the vector Vj with the
element 1 in the j-th row and 0 otherwise. Let Eij denote matrices with entry 1 for
the element (i, j) and 0 otherwise, i.e. they act as
EijVk = δjkVi. (10)
Then, on the fundamental representation of sl(n|m) the Chevalley-Serre basis is
realised as follows
Hi = Ei,i − Ei+1,i+1, i < n ,
Hn = En,n + En+1,n+1,
Hi = Ei+1,i+1 − Ei,i, n < i < n+m,
E+i = Ei,i+1,
E−i = Ei+1,i, i < n ,
E−i = −Ei+1,i, n ≤ i < n+m. (11)
The additional Cartan generator for gl(n|n) is represented by
H2n =
µ
2
(
n∑
i=1
Ei,i −
2n∑
i=n+1
Ei,i
)
+
λ
2n
2n∑
i=1
Ei,i . (12)
3 The Yangian of sl(n|m) and gl(n|n)
The Yangian in Drinfeld’s second realisation for sl(n|m) is defined by the generators
Hi,k,E
±
i,k, with k = 0, 1, . . . and i = 1, . . . n + m − 1. These generators satisfy the
commutation relations [11]- [12]
[Hi,k,Hj,l] = 0, [Hi,0,E
+
j,k] = Aij E
+
j,k,
[Hi,0,E
−
j,k] = −Aij E
−
j,k, [E
+
i,k,E
−
j,l} = δi,j Hj,k+l,
[Hi,k+1,E
±
j,l]− [Hi,k,E
±
j,l+1] = ±
1
2
Aij{Hi,k,E
±
j,l},
[E±i,k+1,E
±
j,l} − [E
±
i,k,E
±
j,l+1} = ±
1
2
Aij{E
±
i,k,E
±
j,l], (13)
6
Sym{k}[E
±
i,k1
, [E±i,k2 , . . . [E
±
i,k1+|Aij |
,E±j,l} . . . }} = 0,
{[E±n,0,E
±
n−1,k], [E
±
n,0,E
±
n+1,l]} = 0 . (14)
In the case of gl(n|n) there exist a set of additional generators H2n,k, which satisfy
the above relations when extended to i = 2n.
The fundamental evaluation representation of the Yangian generators with a spec-
tral parameter u is given by
Hi,k = (u+ ai)
kHi ,
E+i,k = (u+ ai)
kE+i ,
E−i,k = (u+ ai)
kE−i . (15)
The shift parameter ai may be directly determined from (13). One finds
ai =
{
i
2 , i ≤ n,
2n−i
2 , n < i < n+m .
(16)
In the case n = m the additional Cartan generators H2n are represented by
H2n = (u+ an +
λ
2n
)kH2n . (17)
3.1 Root ordering
Since the universal R-matrix contains products of infinitely many non-commutative
generators, the ordering of those generators is of crucial importance. We will use
the general prescription given in [7], which is as follows. If two positive roots of the
Yangian γ1, γ2 have already been ordered and γ1 + γ2 = γ3, then, if γ1 < γ2, one
puts γ1 < γ3 < γ2. As the Yangian is a deformation of the polynomial algebra,
one can write γ = α + nδ. Here, α is a positive root of the algebra g and δ is the
imaginary root. For the proper Yangian n > 0, while n ∈ Z for the Yangian double.
The associated positive root generator is denoted by
E+γ = E
+
α+nδ = E
+
α,n . (18)
The corresponding negative root generator is
E−γ = E
−
α+nδ = E
−
α,n. (19)
In the case of Y(gl(n|m)) we will first order the roots of gl(n|m). If α1, . . . , αn+m−1
denote the simple roots, then we define the set of all positive roots as follows. Let
β[k,l], with k = 1, . . . , n +m− 1 and 0 ≤ l < k, be one of the positive roots labelled
by a double index [k, l]. In that case
β[k,0] = αk ,
β[k,l] = αk + αk−1 + . . . , αk−l. (20)
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Now, we order the roots such that
β[k1,l2] < β[k2,l2] , (21)
if k1 < k2, or k1 = k2 and l1 < l2. One can easily check that the above definition
of the root ordering is satisfied. From now on we will assume this root ordering and
only occasionally use the double index notation explicitly.
Let us now discuss the ordering of the Yangian. If γ1 = α1+n1δ and γ2 = α2+n2δ,
then γ1 < γ2 if α1 < α2, or if α1 = α2 and n1 < n2. We did not prove this ordering
for Yangian in full generality, but it certainly holds on the fundamental evaluation
representation.
4 The Yangian Double and the Universal R-
matrix
The Yangian Double DY (g) is the Drinfeld Double of the Yangian Y (g), i.e. the
tensor product of Y (g) with its dual vector space Y (g)∗ equipped with a product
and coproduct dual to the coproduct and product of Y (g). A Chevalley-Serre type
basis for Y (sl(n|m))∗ is given by the generators Hi,k,E
±
i,k, with k = −1,−2, . . . and
i = 1, . . . , n + m − 1 and with an additional set of generators H2n,k in the case of
gl(n|n). The classical analogue of the Yangian Double is the loop algebra, and a
generator with the index k can just be thought of as Xk = u
kX0. However this basis
is not a dual basis for the Yangian. The inner product is given by
(
E+i,k,E
−
j,l
)
= (−1)|i|
(
E−j,l,E
+
i,k
)
= −δijδk,−l−1 ,
(Hi,k,Hj,−l−1) = −Aij
(
Aij
2
)k−l(k
l
)
for k ≥ l, (22)
with all other products vanishing. The inner product can be derived by requiring
compatibility with the Hopf Algebra structures. In particular, the dual of the product
should be identified with the coproduct and vice versa. Here, we will not list the
coproduct and the product relations for the dual generators, as we will not use them.
They have the same structure as in [7].
To construct the universal R-matrix, one needs to construct a dual basis with
respect to the inner product. To do this, it is useful to introduce generating functions
for the generators
E+i (λ) :=
∞∑
k=0
E+i,kλ
−k−1 , (E+)∗i (λ) := −
−∞∑
k=−1
E−i,kλ
−k−1 ,
E−i (λ) :=
∞∑
k=0
E−i,kλ
−k−1 , (E−)∗i (λ) := −
−∞∑
k=−1
E+i,kλ
−k−1 , (23)
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H+i (λ) := 1 +
∞∑
k=0
Hi,kλ
−k−1, H−i (λ) := 1−
−∞∑
k=−1
Hi,kλ
−k−1. (24)
The parameter λ is the formal parameter of expansion. It should be noted that
on evaluation representations with spectral parameter u the generating function will
depend on the difference u − λ, so effectively λ may be interpreted as the spectral
parameter.
The dual of the function J(λ1) =
∑∞
k=0 Jkλ
−k−1
1 is defined as the function
J∗(λ2) = −
∑−∞
k=−1 J
∗
kλ
−k−1
2 such that
(J(λ1),J
∗(λ2)) =
1
λ1 − λ2
. (25)
This is equivalent to introducing the generator J∗l dual to Jk in the sense of(
Jk,J
∗
−l−1
)
= −δk,l. (26)
According to this definition the root generators are already written in terms of a
dual basis. What remains to be found is the dual basis for the Cartan generators.
Note that here the superscripts ± indicate the expansion of H±i (λ) at λ = 0 and
λ =∞ respectively. On evaluation representations one finds that H+i (λ) and H
−
i (λ)
represent formally the same function. Their scalar product is given by [7]
(
H+i (λ1),H
−
j (λ2)
)
=
λ1 − λ2 +
Aij
2
λ1 − λ2 −
Aij
2
. (27)
It turns out to be useful to consider the formal logarithms log(H±i (λ)) due to the
following property
(
log(H+i (λ1)), log(H
−
j (λ2))
)
= log
λ1 − λ2 +
Aij
2
λ1 − λ2 −
Aij
2
. (28)
Therefore,
(
d
dλ1
log(H+i (λ1)), log(H
−
j (λ2))
)
=
1
λ1 − λ2 +
Aij
2
−
1
λ1 − λ2 −
Aij
2
. (29)
If one introduces the shift operator
Tf(λ2) = f(λ2 + 1), (30)
then the above formula may be written as(
d
dλ1
log(H+i (λ1)), log(H
−
j (λ2))
)
= (T−Ajk/2 − TAjk/2)
δik
λ1 − λ2
. (31)
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This is a matrix equation and to complete the task of the diagonalisation one needs
to invert the operator
Dij = T
−Aij/2 − TAij/2 . (32)
Note that on evaluation representations T effectively shifts the spectral parameter u2
due to the aforementioned fact that the Drinfeld currents depend on the difference
λ−u. For the sake of the following discussion it is useful to introduce the q-deformed
symmetric Cartan matrix, i.e. we replace each number x by its q-number, see Ap-
pendix A for further details. Explicitly,
x→ [x]q =
qx − q−x
q − q−1
, (33)
so the q-deformed Cartan matrix takes the following form
A(q)ij = [(αi, αj)]q =
q(αi,αj) − q−(αi,αj)
q − q−1
. (34)
The Dij operator is then related to the q-deformed Cartan matrix through
Dij = −(T
1/2 − T−1/2)A(T 1/2)ij . (35)
The q-deformed Cartan matrices, their inverses and determinants are discussed in
Appendix A.
4.1 The Universal R-Matrix
In the previous section we have established the Yangian double DY (sl(n|m)) by
generalising the analysis of [7] in the case of simple Lie algebras. The universal R-
matrix can now be easily stated with the help of the diagonalised form (31) since
it is simply the canonical element of the Yangian double, i.e. the sum over all
elements of the Yangian Y(sl(n|m)) tensor its appropriate dual. One should stress
that the Yangian consists not only of the Chevalley-Serre generators (13) and their
commutators, but also of all powers of the corresponding generators. Schematically,
the dual product decomposes as follows(
E+HE−, (E+)∗(H)∗(E−)∗
)
=
(
E+, (E+)∗
)
(H,H∗)
(
E−, (E−)∗
)
, (36)
just as for simple Lie algebras [7]. Hence, the universal R-matrix has the quasi-
triangular structure
R = RERHRF . (37)
The positive and negative root parts are given in terms of ordered products
RE =
→∏
β,k≥0
exp(−(−1)|β|F |γ|Eβ+kδ ⊗ Fβ−(k+1)δ) ,
RF =
←∏
β,k≥0
exp(−F |β|Fβ+kδ ⊗ Eβ−(k+1)δ). (38)
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Here, F is the usual Fermi-number generator. An important feature of (38) is that
the product in RE is taken in the order specified in section 3.1, whereas for RF the
reverse ordering is applied. The product is only taken over positive roots β ∈ sl(n|m)
and the symbol δ denotes the imaginary root. The Cartan part of the universal R-
matrix is significantly more complicated
RH =
∏
i,j
exp
(
∞∑
t=0
((
d
dλ1
log(H+i (λ1))
)
t
⊗
(
D−1ij log(H
−
j (λ2)
)
−(t+1)
))
. (39)
Here, the superscripts t and −(t+1) denote the respective coefficients of the expansion
of the generating functions in λ1 ≫ 1, λ2 ≪ 1. Tensoring them together is thus
equivalent to taking the residue at λ1 = λ2. In the case of integer-valued Cartan
matrices we find that the inverse of the q-Cartan matrix is also q-integer valued up
to an overall constant q-number [l]q.
The concrete definition of the inverse D−1ij on a set of functions of spectral pa-
rameter determines the scalar part of the universal matrix. According to (35), the
operator D may be expressed solely through the translation operator T , for which
the action on functions of spectral parameter is well-definied. Clearly, one may de-
fine D−1ij by expanding it in a power series around either T = 0 or T = ∞. It turns
out, however, that the both expansions do not result in the same scalar part RH .
We would like to argue that the guiding principle should be unitarity. Indeed, the
Yangian Double is not triangular, i.e. the equation
R12R21 = Id (40)
does not hold. Only a balanced expansion in power series in T and T−1 will lead
to unitary dressing factors. It follows immediately from (34) that A(q−1) = A(q) so
that the operator Dij defined in (35) satisfies Dij(q) = −Dij(q
−1). The same must
hold for its inverse D−1ij (q) thus one may write
D−1ij (q) =
1
2
(
D−1ij (q)−D
−1
ij (q
−1)
)
. (41)
We propose to expand the first term at q = 0 and the second one at q = ∞ setting
afterwards q → T 1/2 in the expansions. Subsequently, the principle branch of the
square root should be applied. We conjecture that the resulting R-matrix contains a
unitary dressing factor satisfying the corresponding crossing equation. Moreover, in
all cases studied in what follows the dressing factor found in this way is ameromorphic
function up to a square root of a CDD factor. This suggest that this may be a general
feature of this procedure. Please note also that analytic properties of a given solution
to crossing and unitarity equations are dictated by the concrete physical model and
cannot be determined with help of the universal R-matrix.
Generic Cartan matrices of superalgebras, in particular those corresponding to the
gl(n|n) algebra with arbitrary extension parameters λ, µ , have non-integer elements
and the aforementioned prescription needs to be applied. Integer-valued Cartan
matrices allow for further simplification since there exists a matrix C(q)
A(q)C(q) = [l]qId , (42)
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such that its elements are polynomials in q and q−1. Here, l is assumed to take
minimal value for which such C(q) exists. The inverse of (35) may now be written as
D−1 = C(T 1/2)
1
T−l/2 − T l/2
. (43)
Expanding the second term in the vicinity of T = (∞)∓1 gives
R±H =
∏
i,j,k,t
exp
(
±
(
d log(H+i (λ1))
dλ1
)
t
⊗
(
Cij(T
1/2) log(H−j (λ2 ± (k + 1/2)l)
)
−t−1
)
.
(44)
For sl(n) algebras l = n and the above formulae reduce to the one proposed in [7].
The scalar part leading to a unitary dressing factor may be formally written as
RH =
√
R+H
R−H
. (45)
This formula, however, remains also valid for the supersymmetric counterpart sl(n|m)
with l = n−m and n 6= m. Clearly, the case of n = m is special and the definition
of C(q) becomes ambiguous for non-canonical choices of the extension parameters.
Thus the matrix C(q) is convenient for classification purposes, but becomes ill-defined
in the general case of real-valued Cartan matrices.
5 The R-matrix on the fundamental represen-
tation
In this section we will systematically evaluate the universal R-matrix on the funda-
mental representation of gl(n|m) and its Yangian, which we introduced in section
2.2.
The first step towards the explicit evaluation of the Cartan part (39) of the
universal R-matrix is to invert the operator D given in (32). In Appendix A we report
on the generic formula of the q-deformed inverse Cartan matrices for sl(n|m), n 6= m
as well as for gl(n|n) with arbitrary parameters λ and µ. This leads immediately to
D−1 via (41). These results are crucial to perform the second step.
5.1 Evaluating the universal R-matrix
In this section we will evaluate the R-matrix (37) on the fundamental representation
of sl(n|m). The factors RE and RF are fairly easy to evaluate due to the nilpotence
of the roots
RE =
1
2
(m+n−1)(m+n)∏
k=1
exp(
1
u
(−1)|βk|F |βk|E+βk ⊗ E
−
βk
)
=
1
2
(m+n−1)(m+n)∏
k=1
(
1 +
1
u
(−1)|βk |F |βk|E+βk ⊗ E
−
βk
)
, (46)
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RF =
1
2
(m+n−1)(m+n)∏
k=1
exp(
1
u
F |βk|E−βk ⊗ E
+
βk
)
=
1
2
(m+n−1)(m+n)∏
k=1
(
1 +
1
u
F |βk|E−βk ⊗ E
+
βk
)
. (47)
Here, u = u1 − u2 is the difference of the spectral parameters of both factors of the
tensor product. The order in the products RE and RF is taken as outlined in section
3.1. On the fundamental representation the individual blocks commute, however.
Thus what remains is the evaluation of (39). Let us first show that the factor (39) is
convergent. Indeed, each element of RH =
∏
ij(RH)ij is of the form
(RH)ij ∼
∞∏
n=0
an+ b
a n+ b+ hi
an+ b+ hi − hj
an+ b− hj
. (48)
Using the following product representation of the Gamma function
Γ (z) = lim
M→∞
1
z
e−z(
∑M
k=1 1/k−logM)
M∏
n=1
1
1 + z/n
ez/n , (49)
one easily finds
(RH)ij ∼
∞∏
n=0
an+ b
a n+ b+ hi
an+ b+ hi − hj
an+ b− hj
=
Γ ( b+hia )Γ (
b−hj
a )
Γ (
b+hi−hj
a )Γ (
b
a)
. (50)
The matrix (39) is diagonal since the Cartan algebra elements are diagonal. Using
the prescription (41) one finds
(RH)11;11 ≡ R0(u) =

√
h(u)
Γ( 1−un−m)Γ(
u
n−m)
Γ(− un−m)Γ(
u+1
n−m)
, n 6= m,
u+ 1
2
u− 1
2
, n = m.
(51)
The function h(u) is a simple ratio of trigonometric functions and, as follows from
the discussion in the subsequent section, may be dropped being solely a CDD factor.
Surprisingly, (51) coincides for m = 0 with the u(n) dressing factor found in [8].
Moreover, for m > 0 and m 6= n it is identical to the u(N) dressing factor with
N = n−m.
Evaluating the remaining elements of RH and combining them with the formulas
(46) and (47) one finds the following compact result for the R-matrix
R = R0(u)
(
u
u+ 1
+
1
u+ 1
P
)
.
(52)
Here, P denotes the graded permutation operator
PVi ⊗ Vj = (−1)
|i||j|Vj ⊗ Vi. (53)
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The matrix part of this R-matrix is a supersymmetric version of Yang’s R-matrix.
It does not depend on whether the expansion in the Cartan part is taken for T ≪ 1
or T ≫ 1. This is expected, as this is the only solution to the rational Yang-Baxter
equation on those representation spaces.
5.2 Crossing and unitarity
The scalar factor R0 is the scalar part of the R-matrix and is usually found by means
of crossing and unitarity equations. Let us then inspect what effect the simplest
non-unitary definition of D−1ij (T ) will have on RH . More precisely, we will define
the inverse as a power series at T = 0. It is straightforward to check that now
R−0 (u)R
−
0 (−u) 6= 1 for n 6= m or n 6= m ± 1
1. Surprisingly, unitarity may be easily
restored by rescaling with the following simple function
f(u)−1 =
sin
(
pi u
n−m
)
sin
(
pi (1+u)
n−m
) . (54)
The new scalar factor R¯0(u) = f(u)R
−
0 (u) coincides with (51) up to the
√
h(u) fac-
tor. This suggests that the T = 0 expansion violates unitarity in a rather weak
manner and unitary dressing factors may be obtained by rescaling with simple an-
alytic functions. This observation often facilitates the analytic evaluation in more
complex cases.
Since the dual Coxeter number of sl(n|m) is non-zero for m 6= n, the usual
derivation [9] of the crossing equation should be applicable leading to
S0((n−m)− u)S0(u) =
(
u− n−m2
)2
− 14 ((n−m)− 2)
2
(u− (n−m))u
. (55)
It is easy to check that S0(u) = R¯0(u) satisfies this relation and that the aforemen-
tioned prefactor is a CDD solution
h((n−m)− u)h(u) = 1 . (56)
For n = m, however, the dual Coxeter number is exactly zero. It would be interesting
to derive rigorously the relativistic crossing equation in this case. The fact that the
shift in the crossing equation is usually equal to the dual Coxeter number seems to
be related to the action of the antipode S on the Yangian generators. In the case of
n 6= m we find that the generators of Y(sl(n|m)) satisfy
S(Ĵ) = −Ĵ+ cJ, (57)
with c being proportional to the dual Coxeter number l = n−m. This result (with
c = 0) remains true for sl(n|n), so one naively does not expect any shift in the crossing
equation. However, it should be noted that the automorphism (17) has a non-trivial
1In the case of n = m± 1 the ratios of Gamma functions reduce to rational functions.
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antipode, which, if allowing for generic parameters µ, λ, is proportional to µn on
the fundamental representation. This suggests that the overall shift is equal to aµn.
The case of the gl(1|1) algebra with arbitrary µ and integer λ studied in section 5.3
indicates that a = 1. For λ = 0 and µ = 1 the unitary scalar factor derived from the
universal R-matrix does not seem to depend on n = m, which allows us to conjecture
the following crossing equation for arbitrary n
R¯0(u) R¯0(n − u) =
(u− n− 12) (u +
1
2 )
(u− n+ 12) (u −
1
2 )
. (58)
At this point an interesting physical aspect of (37) should be stressed. Since the
formula (37) is a plug-in type formula, with the corresponding symmetry algebra A to
be specified, the resulting R-matrix exhibits the very same symmetry and corresponds
to the scattering of modules of A. The ground state, i.e. the state without any
physical excitations, must be a physical vacuum and thus invariant with respect to
global action of A2. For example the su(2) R-matrix may be used to describe the
scattering of spinons on the antiferromagnetic state of the XXX spin chain, which
explains the complexity of the corresponding dressing phase.
5.3 The general solution for gl(1|1)
In this section we will demonstrate the efficiency of the universal R-matrix approach
and derive the dressing phase of the gl(1|1) algebra for arbitrary µ and integer values
of λ. Using the unitary prescription (41) one finds from (35)
R0(u) =
√
h(u)f(u)R0,1(u)R0,2(u) , (59)
with
R0,1(u) =
∞∏
n=0
(
n− λ2 +
u
µ −
1
µ + 1
)
λ
(
n− λ2 +
u
µ +
1
µ + 1
)
λ(
n− λ2 +
u
µ + 1
)2
λ
, (60)
where ( . )n denotes the Pochhammer symbol, and
R0,2(u) =
Γ
(
1 + uµ
)
Γ
(
u
µ
)
Γ
(
2u−λ+µ−2
2µ
)
Γ
(
2u+λ+µ+2
2µ
)
Γ
(
1+u
µ
)
Γ
(
2u−λ+µ
2µ
)
Γ
(
u+µ−1
µ
)
Γ
(
2u+λ+µ
2µ
) . (61)
Interesingly, and in accordance with the discussion in section 5.2, the contribution
R0,1(u)R0,2(u) may also be found by defining the inverse D
−1 as a power series at
T = 0. The function f(u) may be thought of as the corresponding “unitarisation”
factor
f(u) =
 sin
(
pi u
µ +
pi λ
2
)
sin
(
pi (u−1)
µ +
pi λ
2
)
λ sin
(
pi u
µ
)
cos
(
pi (2u−2−λ)
2µ
)
sin
(
pi (1−u)
µ
)
cos
(
pi (2u−λ)
2µ
) . (62)
2If A is a global symmetry of the Hamiltonian.
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With a bit of algebra one finds that R0(u) satisfies the following functional equation
R0(u)R0(µ − u) = C(u, λ, µ) , (63)
with the function C(u, λ, µ) being different for even and odd values of lambda
C(u, λ ∈ even, µ) = −
u(u− µ+ 1)
(
(µ− 2u)2 − λ2
)
(u+ 1)(u− µ)(2u+ λ− µ+ 2)(−2u + λ+ µ+ 2)
×(
1−u
µ
)
λ
2
+1
(
u−1
µ
)
λ
2
(
−u+1µ
)
λ
2
+1
(
u+1
µ
)
λ
2(
−uµ
)2
λ
2
+1
(
u
µ
)2
λ
2
, (64)
C(u, λ ∈ odd, µ) = −
(u− 1)(u − µ+ 1)
(
(µ − 2u)2 − λ2
)
u(u− µ)(2u+ λ− µ+ 2)(−2u + λ+ µ+ 2)
×(
u−1+µ
2
µ
)
λ−1
2
(
u+1+µ
2
µ
)
λ−1
2
(
−2u+µ−2
2µ
)
λ+1
2
(
−2u+µ+2
2µ
)
λ+1
2(
1
2 −
u
µ
)2
λ+1
2
(
u
µ +
1
2
)2
λ−1
2
.
(65)
Please note that in all cases the function C(u, λ, µ) is rational. The prefactor
√
h(u)
is again a CDD solution to this equation and will be neglected. Although we do
not have any further algebraic evidence, we believe (63) to be the corresponding
crossing equation for arbitrary µ and integer values of λ. The dressing factor R0(u)
is substantially more complicated than any other relativistic dressing factor. This
can be easily seen by piecewise analytic evaluation of R0(u). For example, for u <
2µ− λµ2 − 1 one finds
R0(u)
f(u)
=
1
Γ
(
u+1
µ
)
Γ
(
u+µ−1
µ
)
Γ
(
2u−λ+µ
2µ
)
Γ
(
2u+λ+µ
2µ
)e2ζ(1,0)(−1,uµ−λ2+1)
e
−2ζ(1,0)
(
−1,u
µ
+λ
2
+1
)
−ζ(1,0)
(
−1,u+µ−1
µ
−λ
2
)
+ζ(1,0)
(
−1,λ
2
+u+µ−1
µ
)
−ζ(1,0)
(
−1,u+µ+1
µ
−λ
2
)
e
ζ(1,0)
(
−1,λ
2
+u+µ+1
µ
)
Γ
(
u
µ
−
λ
2
+ 1
)λ− 2u
µ
Γ
(
u
µ
+
λ
2
+ 1
) 2u
µ
+λ
Γ
(
u
µ
)
Γ
(
u+ µ
µ
)
Γ
(
2u− λ+ µ− 2
2µ
)
Γ
(
2u+ λ+ µ+ 2
2µ
)
×
Γ
(
u+ µ− 1
µ
−
λ
2
)u−1
µ
−λ
2
Γ
(
λ
2
+
u+ µ− 1
µ
)− 2u+λµ−2
2µ
×
Γ
(
u+ µ+ 1
µ
−
λ
2
)u+1
µ
−λ
2
Γ
(
λ
2
+
u+ µ+ 1
µ
)− 2u+λµ+2
2µ
, (66)
where ζ(a1,a2)(s, z) denotes the ∂
a1+a2
(∂s)a1 (∂z)a2 derivative of the Hurwitz zeta function.
The universal R-matrix construction also works for non-integer and even complex
values of parameter λ, but it is significantly more complicated to find a compact
crossing equation in this case.
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6 Conclusions and outlook
The construction of R-matrices for integrable models is a long-standing problem. In
this paper we have reformulated the universal R-matrix formula proposed in [7] for
Yangians of simple Lie algebras and adapted it to the case of Lie superalgebras, and
also to algebras for which the Cartan matrices contain non-integer elements. We
have subsequently used this method to derive the R-matrices of the sl(n|m) and
gl(n|n) algebras including their scalar factors. We found these factors to satisfy
simple functional equations, which we conjecture to be the corresponding crossing
equations. In the case m = 0 we recover, up to a CDD-factor, the well-known
su(n) R-matrices with the correct dressing factors. For gl(n|n) algebras we find that
for the non-canonical choice of the extension parameters µ and λ the scalar factors
exhibit intricate dependence on µ and λ. We evaluated the simplest such factor (for
n = 1) analytically and found the corresponding crossing equation. Based on this,
we conjecture the period of the crossing equation for gl(n|n) to be equal µn. It
would be useful as a cross-check to derive these equations for arbitrary values of µ
and λ using the Hopf algebra implementation of the crossing symmetry. Indeed, we
find that the Yangian automorphism generator of Y(gl(n|n)) is shifted by µn under
the action of the antipode, whereas all other generators remain unaffected. We did
not check explicitly that the application of the antipode to the R-matrix yields the
crossing equation.
The universal R-matrix formula provides a compact plug-in type formula that
should allow to evaluate the R-matrix including the corresponding dressing factor
for any algebra and any representation. It should also work for any Dynkin dia-
gram of a particular superalgebra. We checked this in Appendix B for some Dynkin
diagrams of sl(n|m) algebras. We thus believe that this approach is very powerful
and should find several applications in the physics of integrable models. It would
be interesting to study more systematically different representations of the Yangian
of sl(n|m) and to evaluate the R-matrix on them. Furthermore, our formula for the
universal R-matrix should also be valid for Yangians of other contragredient Lie su-
peralgebras, such as the orthosymplectic Lie superalgebras osp(n|m). However, their
representation theory seems to be much harder than for sl(n|m), so the evaluation
of the R-matrix even on the fundamental representation of the simplest orthosym-
plectic algebra osp(1|2) seems complicated [15]. As in our approach the elements of
Cartan matrices may take arbitrary values, we believe that our abstract result for
the universal R-matrix is also valid for the exceptional Lie superalgebra D(2, 1;α).
Drinfeld’s second realisation of D(2, 1;α) was defined for the related case of the quan-
tum affine algebra in [16], whereas the Yangian of D(2, 1;α), to our knowledge, has
not been explicitly investigated in the literature. Such an explicit investigation of
Y (D(2, 1;α)) would be very interesting from a mathematical point of view as well as
for physical applications, e.g. in the AdS/CFT correspondence [17]- [18].
Finally, we believe that the abstract form of the R-matrix should also work in the
case of centrally extended sl(1|1) and sl(2|2) algebras, which are of great relevance to
the AdS/CFT correspondence [19]- [20]. However, even the classical case of the sl(2|2)
loop algebra needed some important modifications [21], and the second realisation
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of the Yangian now involves some shifts by the central charge [22] rendering the
evaluation considerably more complicated than in the rational sl(n|m) case. We
would like to note that our method of constructing bases dual to the Cartan basis
of the Yangian is from a technical point of view quite similar to methods of solving
crossing equations for models with su(n) invariance [23]. This methods are known
to work in the case of the centrally extended sl(2|2) algebra [24]. Thus, we believe
that one can construct the Yangian double and the universal R-matrix also in this
case. The universal R-matrix approach might help to answer the question whether
physical magnons are built out of elementary excitations or not, see [25].
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A The q-deformed Cartan matrix of sl(n|m)
A natural step when considering the universal enveloping algebras is to introduce the
q-numbers
n→ [n]q =
qn − q−n
q − q−1
. (67)
The q-bracket can be also expressed in terms of the Fibonacci polynomials
[n]q = (−i)
n−1Fn(i [2]q) =
|n|−1∏
j=1
(
[2]q − 2 cos
pij
n
)
. (68)
It follows immediately from the definition that [−n]q = −[n]q and [n]1/q = [n]q. The
q-numbers obey the following relations
[n]q + [n+ 2]q − [2]q[n+ 1]q = 0 , (69)
[n]2q + [n+ 1]q[n− 1]q = 1 , (70)
[jn]q = [n]q
[(j − 1)n + 2]q − [(j − 1)n− 2]q
[2]q
+ [(j − 2)n]q , (71)
for any j ∈ Z.
The q-deformed Cartan matrix (3) of sl(n|m) is given by
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Asl(n|m)(q) =

[2]q −1 0 . . .
−1 [2]q −1 . . .
... 0
0 . . .
. . . −1 0
... . . . −1 [2]q −1
0 . . . 0 −1 0 1 0 . . .
1 −[2]q 1 0 . . .
0 1 −[2]q 1 . . .
0
...
. . . 1
0 . . . 1 −[2]q

. (72)
As in the q = 1 case one may reduce its determinant by using Laplace expansion
twice to the determinants of the Cartan matrices of An. This results in
detAsl(n|m)(q) = (−1)m(detAn−1(q) detAm(q)− detAn(q) detAm−1(q))
= (−1)m[n−m]q . (73)
The determinant is thus proportional to the q-deformed dual Coxeter number. Fur-
thermore, the matrix
C(q) :=
(
detAsl(n|m)(q)
)(
Asl(n|m)(q)
)−1
(74)
consists only of integer powers of q and q−1. For n 6= m the inverse of the Cartan
matrix may be written in the following form
(
Asl(n|m)(q)
)−1
=

an+m−1,1 . . . . . . . . . . . . . . . . . .
...
. . . . . . . . . . . . . . . . . .
am+1,1 . . . am+1,n−1 . . . . . . . . . . . .
bm,1 . . . . . . bm,n . . . . . . . . .
...
. . . . . .
... cm−1,n+1 . . . . . .
b2,1 b2,2 . . .
...
...
. . . . . .
b1,1 b1,2 . . . b1,n c1,n+1 . . . c1,n+m−1

.
(75)
Due to the fact that A(q)−1 is symmetric, we only present the lower half of the
matrix. Clearly, three distinct blocks may be distinguished. The reader should
note a different from usual numeration of the matrix elements, which allows more
easily to understand the corresponding block structure. The relation between the
both notations amounts to the shift i → n + m − i. The elements of the three
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aforementioned blocks are given by
ai,j = −
[2m− i]q[j]q
[n −m]q
, m < i ≤ n+m− 1, 1 ≤ j ≤ n+m− i , (76)
bi,j = −
[i]q[j]q
[n−m]q
, 1 ≤ i ≤ m, 1 ≤ j ≤ n , (77)
ci,j = −
[i]q[2n− j]q
[n−m]q
, 1 ≤ i ≤ m− 1, n+ 1 ≤ j ≤ n+m− i . (78)
Please note that [n −m]q b1,1 is equal to −1, independently of n and m. Moreover,
the following relations between different matrix elements hold
ai,j = b2m−i,j , ci,j = bi,2n−j . (79)
The elements ai,j , bi,j and ci,j obey the difference equations
[2]q ai,j = ai+1,j + ai−1,j = ai,j+1 + ai,j−1 , (80)
[2]q bi,j = bi+1,j + bi−1,j = bi,j+1 + bi,j−1 , (81)
[2]q ci,j = ci+1,j + ci−1,j = ci,j+1 + ci,j−1 , (82)
subject to appropriate boundary conditions
bi,j = bj,i , b0,0 = 0 , b1,0 = 0 , b1,1 = −
1
[n−m]q
. (83)
The relations (80)-(82) are essential for proving that (75) is the inverse matrix of
Agl(n|m)(q).
In the case n = m the q-deformation of the Cartan matrix (9) is given by
Agl(n|n)(q) =

[2]q −1 0 . . . . . . . . . . . . . . . . . . 0
−1 [2]q −1 0 . . . . . . . . . . . . . . .
...
0
. . .
. . . −1 0 . . . . . . . . . . . .
...
... . . . −1 [2]q −1
. . . . . . . . . . . . 0
0 . . . 0 −1 0 1 0 . . . . . . µ
... . . . . . . . . . 1 −[2]q 1 0 . . . 0
... . . . . . . . . . 0 1 −[2]q 1
. . .
...
... . . . . . . . . .
... . . .
. . .
. . . 1
...
... . . . . . . . . . 0 . . . . . . 1 −[2]q 0
0 . . . . . . 0 µ 0 . . . . . . 0 λµ

.
(84)
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Figure 2: The fermionic Dynkin diagrams of sl(n|n) and sl(n|n+ 1) .
The corresponding inverse matrix has a similar structure as (75), with the excep-
tion that the the last row and column are distinguished
(
Agl(n|n)(q)
)−1
=

a2n−1,1 . . . . . . . . . . . . . . . . . .
...
...
. . . . . . . . . . . . . . . . . .
...
an+1,1 . . . an+1,n−1 . . . . . . . . . . . .
...
bn,1 . . . . . . bn,n . . . . . . . . .
...
...
. . . . . .
... cn−1,n+1 . . . . . .
...
b2,1 b2,2 . . .
...
...
. . . . . .
...
b1,1 b1,2 . . . b1,n c1,n+1 . . . c1,2n−1
...
d0,1 d0,2 . . . d0,n d1,n+1 . . . . . . d0,2n

.
(85)
The four parts of the matrix are defined as follows:
ai,j =
[j]q
[n]2q
(
[i− n]q[n]q −
[λµ]q[2n − i]q
[µ]2
)
, n < i ≤ 2n− 1, 1 ≤ j ≤ 2n− i ,
bi,j = −
[i]q[j]q[λµ]q
[µ]2q[n]
2
q
, 1 ≤ i ≤ n, 1 ≤ j ≤ n ,
ci,j = −
[i]q
[n]2q
(
[j − n]q[n]q +
[λµ]q[2n− j]q
[µ]2q
)
, 1 ≤ i < n, n+ 1 ≤ j ≤ 2n− i .
d0,j =

[j]q
[µ]q[n]q
, 1 ≤ j ≤ n
[2n−j]q
[µ]q[n]q
, n < j ≤ 2n
. (86)
B Different Dynkin diagrams of sl(n|m)
For simple Lie superalgebras there are several Dynkin diagrams with a different
number of fermionic roots. This is in contrast to the case of simple Lie algebras,
which have one unique Dynkin diagram and a corresponding unique Cartan matrix.
As far as Yangian is concerned, it is clear that different Dynkin diagrams of the
same algebra will lead to isomorphic Yangians. For the universal R-matrix this is
difficult to prove due to the ordering issues. In the previous sections we have used
the distinguished Dynkin diagram. Here, we extend these studies to the fermionic
Dynkin diagram of sl(n|m) in the case of m = n and m = n± 1.
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To write down the fundamental representation in those cases, it is convenient to
introduce a new basis V˜j , j = 1, . . . 2n+ 1. The case m = n− 1 works similarly. We
choose the basis vectors such that
V˜j is odd for j = 2k, k ∈ N
V˜j is even for j = 2k + 1, k ∈ N . (87)
We will denote by |i| the grading of the index i such that it is even if i is an even
number, and fermionic otherwise. The (n+m)2 matrices Eij are now even if i+ j is
an even number, and odd otherwise. On the fundamental representation of sl(n|m)
the Chevalley-Serre basis is spanned by
Hi = (−1)
|i|(Ei,i + Ei+1,i+1),
E+i = Ei,i+1,
E−i = (−1)
|i|Ei+1,i , (88)
and the additional Cartan generator for gl(n|n) is simply
H2n = E1,1 . (89)
Here, we do not introduce any rescaling or shift of the automophism as in the case
of the distinguished diagram, as the effect would be exactly the same.
We have checked that with this choice of the basis one gets on the fundamen-
tal representation exactly the same R-matrix up to the transformation of the basis
vectors as for the distinguished diagram (52). Henceforth, we believe that our re-
sults concerning the universal R-matrix are independent of the choice of the Dynkin
diagram.
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